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Dynamic multi-player decisions




Example: building thermal control

Motivation: NEST


https://www.empa.ch/web/nest/overview
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Linear-quadratic dynamic game
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Nash equilibrium solutions

Open-loop Feedback

e

L i (k) = di(zo, k) ) i (k) = oi(x(k))

Variational methods Dynamic programming



Nash equilibrium solutions z(k + 1) = Az(k) + Bju;(k) + Z Bju;(k

T OO < Ti(ro, 000D
Open-loop Feedback
L ul (k) = dilzo, k) () ui(k) = ¢i(a(k))

Variational methods Dynamic programming



Nash equilibrium solutions z(k + 1) = Az(k) + Bju;(k) + Z Bju;(k
E)
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Nash equilibrium solutions z(k + 1) = Az(k) + Bju;(k) + ZB u;(k

£ 1,
Ti(o, 67 ()10%4()) < Jilwo, 6i(),6%4() J
Open-loop Feedback
= ui(k) = ¢i(wo, k) 4 ) ui(k) = di(x(k))
sometimes: = ¢;(z*(k))
Variational methods Dynamic programming

Weakly time consistent Strongly time consistent



Nash equilibrium solutions °
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A. Monti, B. Nortmann, T. Mylvaganam, and M. Sassano, “Feedback and open-loop Nash equilibria for LQ infinite-horizon discrete-time dynamic games,” SIAM Journal on
Control and Optimization, vol. 62, no. 3, pp. 1417-1436, 2024.



Nash equilibrium solutions

Ji(xo, 07 (1), 0=, (+)) < Ji(xo, di(-), &=, (+))

Open-loop Feedback
| ui (k) = i(wo, k) () ui(k) = ¢i(a(k))
sometimes: = ¢;(x*(k)) %
Variational methods Dynamic programming
Weakly time consistent Strongly time consistent
Easier to compute Harder to compute

Number & existence
characterised by eigenstructure
of Hamiltonian

Number & existence harder to
check



Feedback Nash equilibrium solutions
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Feedback Nash equilibrium solutions

Characterised via coupled algebraic matrix equations
T
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Feedback Nash equilibrium solutions

Characterised via coupled algebraic matrix equations
T
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Feedback Nash equilibrium solutions

N
Eliminating P} and rearranging gives n Z m; polynomial equations
i=1



Feedback Nash equilibrium solutions
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Eliminating P} and rearranging gives n Z m; polynomial equations
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How many solutions are there?

Let's build intuition by focusing on the scalar case

Dynamics: z(k+1)=ax(k)+ Z biu; (k)

Player 7 aims

to minimise: Ji(zo, 1, un) = Z (Qix(k)z + Ti“i(k)z)

Coupled equations characterising FNE solutions:
rik; (agl - 1) — biae (?"z‘/‘ﬁf + Qi) =0

Fort=1,...,N,where a. := a+ Zjvzl bjkj
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How many solutions are there? °

Alternative characterisation of FNE solutions:

~

=[O+ NE+UVE —o1+ ... +inVE - ﬂ

where t; e {—1 1} b qg

5 2N univariate
ey &E+1 it <0 “auxiliary”

f(€) == _5 + \/5271 it £ >0 functions in §

and FNE strategies of player ¢ are given by

uf (k) = kia(k) = S OVE 2T

B. Nortmann, M. Sassano, and T. Mylvaganam, “Feedback Nash equilibria for scalar N-player linear quadratic dynamic games”, Automatica, vol. 174, p. 112133, 2025.

Continuous-time counterpart: J. Engwerda, “Properties of feedback Nash equilibria in scalar LQ differential games”, Automatica, vol. 69, p. 364-374, 2016.



How many solutions are there? °

Alternative characterisation of FNE solutions:

a=fO)+NE+ V@ —o1+ ... +inVE —on

9

@ For specific problems:

Visualise number and certain Al /
properties of FNE solutions without .

solving coupled equations e

1.5 2 25 3

§

B. Nortmann, M. Sassano, and T. Mylvaganam, “"Feedback Nash equilibria for scalar N-player linear quadratic dynamic games”, Automatica, vol. 174, p. 112133, 2025.



How many solutions are there? °

Alternative characterisation of FNE solutions:

a=fO)+NE+ V@ —o1+ ... +inVE —on

Qa For generic problem parameters: 7

Allows us to derive bounds on number | /
of solutions, e.g. - §
max nr. of FNE solutions: —

% if |a| < 1 there exists a \
unique FNE T

1.5 2 25 3

§

B. Nortmann, M. Sassano, and T. Mylvaganam, “"Feedback Nash equilibria for scalar N-player linear quadratic dynamic games”, Automatica, vol. 174, p. 112133, 2025.
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Finding feedback Nash equilibrium solutions °

Goal: iteratively determine a stabilising solution of the coupled algebraic matrix equations
T
N N
Qi+ K} 'RiK;+ | A+Y B;K; | Pr A+ BK;|—P;
j=1 j=1

-
|
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0= (Ri+ B P;B))K; + B[Py [ A+ > B;K;
=15

fori =1,..., N, with P” :PZ-*T > 0, and

wi(k) = Krz(k) J¥ = x(k)" Pra(k)

1 T

For continuous-time case see e.g.

T.-Y. Li and Z. Gajic, "Lyapunov lterations for Solving Coupled Algebraic Riccati Equations of Nash DifferentialGames and Algebraic Riccati Equations of Zero-Sum Games,” in New
Trends in Dynamic Games and Applications,Birkhduser Boston, pp. 333-351, 1995.

J. Engwerda, “Algorithms for computing Nash equilibria in deterministic LQ games,” Computational Management Science, vol. 4, no. 2, pp. 113-140, 2007.



Iterative feedback Nash equilibrium finding °

Updates involve solution of uncoupled equations for each player

Lyapunov updates:

0=0, —|—Ki(l)TRiK7;(l) _ Pi(l-l‘l) 4+ (A((Tl,‘;l) 4+ B,L'Ki(l))—r Pi(l-l‘l) (A((Tl"z!‘l) + Bsz(l))

K = — (R, + BT B#5,) ™ pTBED 40t

Riccati updates:

0= QiKY " R KB (400 4 g0 B (A0 4 B k()
—1 .

B. Nortmann, A. Monti, M. Sassano and T. Mylvaganam, “Nash Equilibria for Linear Quadratic Discrete-Time Dynamic Games via lterative and Data-Driven Algorithms”, IEEE
Transactions on Automatic Control, vol. 69, no. 10, pp. 6561-6575, 2024.



Iterative feedback Nash equilibrium finding °

Synchronous Asynchronous
(K0, kQ} {0, k(Y
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B. Nortmann, A. Monti, M. Sassano and T. Mylvaganam, “Nash Equilibria for Linear Quadratic Discrete-Time Dynamic Games via lterative and Data-Driven Algorithms”, IEEE
Transactions on Automatic Control, vol. 69, no. 10, pp. 6561-6575, 2024.



Iterative feedback Nash equilibrium finding °
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B. Nortmann, A. Monti, M. Sassano and T. Mylvaganam, “Nash Equilibria for Linear Quadratic Discrete-Time Dynamic Games via lterative and Data-Driven Algorithms”, IEEE
Transactions on Automatic Control, vol. 69, no. 10, pp. 6561-6575, 2024.



Data-driven methods
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LQ game with incomplete information

player 1 s N

player N UnN_, =1




Direct data-driven control Model °
7 N

Data — Control
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TR D = A+ BE)al) T ek +1) = X, Ga(k)
X_=[z0) ... z(T-1)]eRrR™"
U_ = [u(0) ... uw(T-1)] eR™"
Xy=[2(1) ... 2(T)] eR™T

C. De Persis and P. Tesi, “Formulas for data-driven control: Stabilization, optimality, and robustness,” IEEE Transactions on Automatic Control, vol. 65, no. 3, pp. 909-924, 2020.



Data-driven iterative Nash equilibrium finding °

Scheduling experiments and collecting data
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B. Nortmann, A. Monti, M. Sassano and T. Mylvaganam, “Nash Equilibria for Linear Quadratic Discrete-Time Dynamic Games via Iterative and Data-Driven Algorithms”, IEEE
Transactions on Automatic Control, vol. 69, no. 10, pp. 6561-6575, 2024.



Data-driven iterative Nash equilibrium finding °

o-¢ Enables players to iteratively converge to a feedback Nash equilibrium
Hee of the game despite having incomplete system and cost information

= Each player updates only own strategy & does not explicitly estimate or
(= communicate strategies of other players.

@ Distributed in the sense that players only require measurements of state
and own inputs

"Q, Computational complexity and data requirements for update of each
- player do not depend on the total number of players in game

B. Nortmann, A. Monti, M. Sassano and T. Mylvaganam, “Nash Equilibria for Linear Quadratic Discrete-Time Dynamic Games via Iterative and Data-Driven Algorithms”, IEEE
Transactions on Automatic Control, vol. 69, no. 10, pp. 6561-6575, 2024.



Learning to interact

Simulation of human operator w1 and
contact robot uz interacting for
arm reaching movements
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B. Nortmann, A. Monti, M. Sassano and T. Mylvaganam, “Nash Equilibria for Linear Quadratic Discrete-Time Dynamic Games via Iterative and Data-Driven Algorithms”, IEEE
Transactions on Automatic Control, vol. 69, no. 10, pp. 6561-6575, 2024.
Photo: Y. Li, G. Carboni, F. Gonzalez et al., “Differential game theory for versatile physical human-robot interaction,” Nature Machine Intelligence, vol. 1, no. 1, pp. 36—43, Jan. 2019.
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FNE solutions of infinite-horizon LQ games are important to model and
design dynamic interactions & challenging problems remain

Insights into number and properties of FNE solutions for scalar games

Iterative methods allow us to find (some) FNE solutions

Data-driven methods allow us to overcome incomplete information




FNE solutions of infinite-horizon LQ games are important to model and
design dynamic interactions & challenging problems remain

Insights into number and properties of FNE solutions for scalar games

Iterative methods allow us to find (some) FNE solutions

Data-driven methods allow us to overcome incomplete information

Thank you!
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