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Single-agent:  
model predictive control

Multi-agent:  
model predictive gameplay
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Single-agent:  
model predictive control

dynamic feasibility 
initial condition

<latexit sha1_base64="uHHA+dd7tYGTFEQZFUx7l626n1o="></latexit>

u⇤ 2 argmin
u

J(x,u)

subject to F(x,u) = 0

x1 � x̂ = 0
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Single-agent:  
model predictive control

dynamic feasibility 

initial condition

Agent 2
Agent 1

Agent 3

<latexit sha1_base64="pPIdI9DPLSkmeb5vk/g0QX4rvV4="></latexit>

u1⇤ 2 argmin
u1

J(x1,u1;x2,x3)

subject to F1(x1,u1) = 0

x1
1 � x̂1 = 0

Other agents’ 

predicted trajectories
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Agent 1’s problem

Agent 2
Agent 1

Agent 3
Multi-agent:  
model predictive gameplay

<latexit sha1_base64="YstLcYeWqFjPAMQW9uGD2aX3lB8="></latexit>

u1⇤ 2 argmin
u1

J1(x1,u1;x2,x3)

subject to F1(x1,u1) = 0

x1
1 � x̂1 = 0

<latexit sha1_base64="Ds8G3OVAhpUO+SPc+KTXveXj2Qc="></latexit>

u2⇤ 2 argmin
u2

J2(x2,u2;x1,x3)

subject to F2(x2,u2) = 0

x2
1 � x̂2 = 0

<latexit sha1_base64="OQ1LBELvPNKQ/dg5Kg56b5o/HFI="></latexit>

u3⇤ 2 argmin
u3

J3(x3,u3;x1,x2)

subject to F3(x3,u3) = 0

x3
1 � x̂3 = 0

Agent 2’s problem

Agent 3’s problem

}
}
}
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Key ingredients of a dynamic game
Objectives

What does each player want?

<latexit sha1_base64="MfYp6CcMDfPX6KWHQiUX/8Gmqs0="></latexit>

J i(x,u1:N )

<latexit sha1_base64="pZV1N1YQGdO8wBV+IXjEGeLjOL8="></latexit>

where x := (x1, . . . , xT )

ui := (ui
1, . . . , u

i
T )

Time
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Player

Key ingredients of a dynamic game
Rules Objectives

What does each player want?

<latexit sha1_base64="MfYp6CcMDfPX6KWHQiUX/8Gmqs0="></latexit>

J i(x,u1:N )

<latexit sha1_base64="pZV1N1YQGdO8wBV+IXjEGeLjOL8="></latexit>

where x := (x1, . . . , xT )

ui := (ui
1, . . . , u

i
T )

<latexit sha1_base64="9tw6R6AofQ7pex7/ZE9jIyIy/oo="></latexit>

xt+1 = ft(xt, u
1:N
t )

<latexit sha1_base64="Jo0B05uYhT10uGcC3c+bgOa8UQI=">AAACF3icbVA9SwNBFHznt/Er0dJmMQgWEu5E1EYQLLRUMDGQHLK3eYmLu3vH7jsxHPkFtlr4a+zE1tJ/4yam0OjAwjAzj2UmyZR0FIafwdT0zOzc/MJiaWl5ZXWtXFlvuDS3AusiValtJtyhkgbrJElhM7PIdaLwOrk7HfrX92idTM0V9TOMNe8Z2ZWCk5cuH27K1bAWjsD+kmhMqjDGxU0lgHYnFblGQ0Jx51pRmFFccEtSKBy0c4cZF3e8hy2FRGgznqHd1dz2pDmOpImLHqYayfYHrPQz7qnhGl1cjHoN2LZXOqybWv8MsZH686Lg2rm+TnxSc7p1k95Q/M9r5dQ9igtpspzQiO+PurlilLLhSKwjLQpSfU+4sNI3Y+KWWy58HVfym0WTC/0ljb1adFCLLverJ2fj9RZgE7ZgByI4hBM4hwuogwCER3iC5+AleA3egvfv6FQwvtmAXwg+vgBzU59q</latexit>x

<latexit sha1_base64="Yzfk9mXhFreTkPWrvEbkVPexjRM=">AAACGXicbVA9SwNBFHznZ4xfUUubxSBYSLgTURtBsNAyolEhnrK3eTkXd/eO3XdCOPITbLXw19iJrZX/xk1M4dfAwjAzj2UmyZV0FIYfwdj4xOTUdGWmOjs3v7BYW1o+d1lhBbZEpjJ7mXCHShpskSSFl7lFrhOFF8nd4cC/uEfrZGbOqJdjrHlqZFcKTl46La6jm1o9bIRDsL8kGpE6jNC8WQrgqpOJQqMhobhz7SjMKS65JSkU9q8KhzkXdzzFtkIitDnP0W5qblNp9iNp4jLFTCPZXp9Vv8c9NVyji8thsz5b90qHdTPrnyE2VL9flFw719OJT2pOt+63NxD/89oFdffiUpq8IDTi66NuoRhlbDAT60iLglTPEy6s9M2YuOWWC1/HVf1m0e+F/pLzrUa004hOtusHR6P1KrAKa7ABEezCARxDE1ogIIUHeISn4Dl4CV6Dt6/oWDC6WYEfCN4/Aay2oAo=</latexit>

u1

<latexit sha1_base64="cMsLzFSPFQTBtH/f5MivtXlgtg0=">AAACGXicbVA9SwNBFHznZ4zfWtosBsFCwp2I2giChVYS0agQT9nbvJyLu3vH7jshHPkJtlr4a+zE1sp/4yam8GtgYZiZxzKT5Eo6CsOPYGR0bHxisjJVnZ6ZnZtfWFw6d1lhBTZFpjJ7mXCHShpskiSFl7lFrhOFF8ndQd+/uEfrZGbOqJtjrHlqZEcKTl46La6PbxZqYT0cgP0l0ZDUYIjGzWIAV+1MFBoNCcWda0VhTnHJLUmhsHdVOMy5uOMpthQSoc15jnZDc5tKsxdJE5cpZhrJdnus+j3uqeEaXVwOmvXYmlfarJNZ/wyxgfr9ouTaua5OfFJzunW/vb74n9cqqLMbl9LkBaERXx91CsUoY/2ZWFtaFKS6nnBhpW/GxC23XPg6ruo3i34v9Jecb9aj7Xp0slXbPxyuV4EVWIV1iGAH9uEIGtAEASk8wCM8Bc/BS/AavH1FR4LhzTL8QPD+Cd39oCc=</latexit>

uN

<latexit sha1_base64="Oul3QwWPdM3Lu26nOtAOBWEel0Y=">AAACHHicbVDJSgNBFHzjbtz16KUxCB4kzIioF0HwoEcFE4VkkJ7OS2ztZeh+I4Qh/+BVD36NN/Eq+Dd2Yg5uBQ1FVT2aqixX0lMcf0Rj4xOTU9Mzs5W5+YXFpeWV1Ya3hRNYF1ZZd5Vxj0oarJMkhVe5Q64zhZfZ3fHAv7xH56U1F9TLMdW8a2RHCk5BarTu25b89XI1rsVDsL8kGZEqjHB2vRJBq21FodGQUNz7ZhLnlJbckRQK+63CY87FHe9iUyERupzn6LY1d11pDhNp0rKLViO5Xp9VvscDNVyjT8thuT7bDEqbdawLzxAbqt8vSq697+ksJDWnG//bG4j/ec2COgdpKU1eEBrx9VGnUIwsGyzF2tKhINULhAsnQzMmbrjjItTxlbBZ8nuhv6SxU0v2asn5bvXoZLTeDKzDBmxBAvtwBKdwBnUQcAsP8AhP0XP0Er1Gb1/RsWh0swY/EL1/ArsgobA=</latexit>...
<latexit sha1_base64="Eme2PE5JZZNwM/vLWahqAdpwTQ8=">AAACGXicbVA9SwNBFHznt/ErammzGAQLCXciaiMIFloqGhXiEfY2787F3b1j950QjvwEWy38NXZia+W/cRNT+DWwMMzMY5lJCiUdheFHMDY+MTk1PTNbm5tfWFyqL69cury0AlsiV7m9TrhDJQ22SJLC68Ii14nCq+TuaOBf3aN1MjcX1Csw1jwzMpWCk5fO0w516o2wGQ7B/pJoRBowwmlnOYCbbi5KjYaE4s61o7CguOKWpFDYvykdFlzc8QzbConQFrxAu6W5zaQ5iKSJqwxzjWR7fVb7HvfUcI0urobN+mzDK12W5tY/Q2yofr+ouHaupxOf1Jxu3W9vIP7ntUtK9+NKmqIkNOLro7RUjHI2mIl1pUVBqucJF1b6ZkzccsuFr+NqfrPo90J/yeV2M9ptRmc7jcPj0XozsAbrsAkR7MEhnMAptEBABg/wCE/Bc/ASvAZvX9GxYHSzCj8QvH8CBregPw==</latexit>

f t {
Time

7

Player



Key ingredients of a dynamic game
Rules Objectives

What does each player want?

<latexit sha1_base64="MfYp6CcMDfPX6KWHQiUX/8Gmqs0="></latexit>

J i(x,u1:N )

<latexit sha1_base64="pZV1N1YQGdO8wBV+IXjEGeLjOL8="></latexit>

where x := (x1, . . . , xT )

ui := (ui
1, . . . , u

i
T )

<latexit sha1_base64="9tw6R6AofQ7pex7/ZE9jIyIy/oo="></latexit>

xt+1 = ft(xt, u
1:N
t )

<latexit sha1_base64="Jo0B05uYhT10uGcC3c+bgOa8UQI=">AAACF3icbVA9SwNBFHznt/Er0dJmMQgWEu5E1EYQLLRUMDGQHLK3eYmLu3vH7jsxHPkFtlr4a+zE1tJ/4yam0OjAwjAzj2UmyZR0FIafwdT0zOzc/MJiaWl5ZXWtXFlvuDS3AusiValtJtyhkgbrJElhM7PIdaLwOrk7HfrX92idTM0V9TOMNe8Z2ZWCk5cuH27K1bAWjsD+kmhMqjDGxU0lgHYnFblGQ0Jx51pRmFFccEtSKBy0c4cZF3e8hy2FRGgznqHd1dz2pDmOpImLHqYayfYHrPQz7qnhGl1cjHoN2LZXOqybWv8MsZH686Lg2rm+TnxSc7p1k95Q/M9r5dQ9igtpspzQiO+PurlilLLhSKwjLQpSfU+4sNI3Y+KWWy58HVfym0WTC/0ljb1adFCLLverJ2fj9RZgE7ZgByI4hBM4hwuogwCER3iC5+AleA3egvfv6FQwvtmAXwg+vgBzU59q</latexit>x

<latexit sha1_base64="Yzfk9mXhFreTkPWrvEbkVPexjRM=">AAACGXicbVA9SwNBFHznZ4xfUUubxSBYSLgTURtBsNAyolEhnrK3eTkXd/eO3XdCOPITbLXw19iJrZX/xk1M4dfAwjAzj2UmyZV0FIYfwdj4xOTUdGWmOjs3v7BYW1o+d1lhBbZEpjJ7mXCHShpskSSFl7lFrhOFF8nd4cC/uEfrZGbOqJdjrHlqZFcKTl46La6jm1o9bIRDsL8kGpE6jNC8WQrgqpOJQqMhobhz7SjMKS65JSkU9q8KhzkXdzzFtkIitDnP0W5qblNp9iNp4jLFTCPZXp9Vv8c9NVyji8thsz5b90qHdTPrnyE2VL9flFw719OJT2pOt+63NxD/89oFdffiUpq8IDTi66NuoRhlbDAT60iLglTPEy6s9M2YuOWWC1/HVf1m0e+F/pLzrUa004hOtusHR6P1KrAKa7ABEezCARxDE1ogIIUHeISn4Dl4CV6Dt6/oWDC6WYEfCN4/Aay2oAo=</latexit>

u1

<latexit sha1_base64="cMsLzFSPFQTBtH/f5MivtXlgtg0=">AAACGXicbVA9SwNBFHznZ4zfWtosBsFCwp2I2giChVYS0agQT9nbvJyLu3vH7jshHPkJtlr4a+zE1sp/4yam8GtgYZiZxzKT5Eo6CsOPYGR0bHxisjJVnZ6ZnZtfWFw6d1lhBTZFpjJ7mXCHShpskiSFl7lFrhOFF8ndQd+/uEfrZGbOqJtjrHlqZEcKTl46La6PbxZqYT0cgP0l0ZDUYIjGzWIAV+1MFBoNCcWda0VhTnHJLUmhsHdVOMy5uOMpthQSoc15jnZDc5tKsxdJE5cpZhrJdnus+j3uqeEaXVwOmvXYmlfarJNZ/wyxgfr9ouTaua5OfFJzunW/vb74n9cqqLMbl9LkBaERXx91CsUoY/2ZWFtaFKS6nnBhpW/GxC23XPg6ruo3i34v9Jecb9aj7Xp0slXbPxyuV4EVWIV1iGAH9uEIGtAEASk8wCM8Bc/BS/AavH1FR4LhzTL8QPD+Cd39oCc=</latexit>

uN

<latexit sha1_base64="Oul3QwWPdM3Lu26nOtAOBWEel0Y=">AAACHHicbVDJSgNBFHzjbtz16KUxCB4kzIioF0HwoEcFE4VkkJ7OS2ztZeh+I4Qh/+BVD36NN/Eq+Dd2Yg5uBQ1FVT2aqixX0lMcf0Rj4xOTU9Mzs5W5+YXFpeWV1Ya3hRNYF1ZZd5Vxj0oarJMkhVe5Q64zhZfZ3fHAv7xH56U1F9TLMdW8a2RHCk5BarTu25b89XI1rsVDsL8kGZEqjHB2vRJBq21FodGQUNz7ZhLnlJbckRQK+63CY87FHe9iUyERupzn6LY1d11pDhNp0rKLViO5Xp9VvscDNVyjT8thuT7bDEqbdawLzxAbqt8vSq697+ksJDWnG//bG4j/ec2COgdpKU1eEBrx9VGnUIwsGyzF2tKhINULhAsnQzMmbrjjItTxlbBZ8nuhv6SxU0v2asn5bvXoZLTeDKzDBmxBAvtwBKdwBnUQcAsP8AhP0XP0Er1Gb1/RsWh0swY/EL1/ArsgobA=</latexit>...
<latexit sha1_base64="Eme2PE5JZZNwM/vLWahqAdpwTQ8=">AAACGXicbVA9SwNBFHznt/ErammzGAQLCXciaiMIFloqGhXiEfY2787F3b1j950QjvwEWy38NXZia+W/cRNT+DWwMMzMY5lJCiUdheFHMDY+MTk1PTNbm5tfWFyqL69cury0AlsiV7m9TrhDJQ22SJLC68Ii14nCq+TuaOBf3aN1MjcX1Csw1jwzMpWCk5fO0w516o2wGQ7B/pJoRBowwmlnOYCbbi5KjYaE4s61o7CguOKWpFDYvykdFlzc8QzbConQFrxAu6W5zaQ5iKSJqwxzjWR7fVb7HvfUcI0urobN+mzDK12W5tY/Q2yofr+ouHaupxOf1Jxu3W9vIP7ntUtK9+NKmqIkNOLro7RUjHI2mIl1pUVBqucJF1b6ZkzccsuFr+NqfrPo90J/yeV2M9ptRmc7jcPj0XozsAbrsAkR7MEhnMAptEBABg/wCE/Bc/ASvAZvX9GxYHSzCj8QvH8CBregPw==</latexit>

f t {
Time
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Information

What does each player know?

<latexit sha1_base64="73vuMa4EqleDcASvy2iMUkJ91jw="></latexit>

ui
t = ! i

t (?)

We’ll see this more later!

Player “Strategy”

Key ingredients of a dynamic game
Rules Objectives

What does each player want?

<latexit sha1_base64="MfYp6CcMDfPX6KWHQiUX/8Gmqs0="></latexit>

J i(x,u1:N )

<latexit sha1_base64="pZV1N1YQGdO8wBV+IXjEGeLjOL8="></latexit>

where x := (x1, . . . , xT )

ui := (ui
1, . . . , u

i
T )

<latexit sha1_base64="9tw6R6AofQ7pex7/ZE9jIyIy/oo="></latexit>

xt+1 = ft(xt, u
1:N
t )

<latexit sha1_base64="Jo0B05uYhT10uGcC3c+bgOa8UQI=">AAACF3icbVA9SwNBFHznt/Er0dJmMQgWEu5E1EYQLLRUMDGQHLK3eYmLu3vH7jsxHPkFtlr4a+zE1tJ/4yam0OjAwjAzj2UmyZR0FIafwdT0zOzc/MJiaWl5ZXWtXFlvuDS3AusiValtJtyhkgbrJElhM7PIdaLwOrk7HfrX92idTM0V9TOMNe8Z2ZWCk5cuH27K1bAWjsD+kmhMqjDGxU0lgHYnFblGQ0Jx51pRmFFccEtSKBy0c4cZF3e8hy2FRGgznqHd1dz2pDmOpImLHqYayfYHrPQz7qnhGl1cjHoN2LZXOqybWv8MsZH686Lg2rm+TnxSc7p1k95Q/M9r5dQ9igtpspzQiO+PurlilLLhSKwjLQpSfU+4sNI3Y+KWWy58HVfym0WTC/0ljb1adFCLLverJ2fj9RZgE7ZgByI4hBM4hwuogwCER3iC5+AleA3egvfv6FQwvtmAXwg+vgBzU59q</latexit>x

<latexit sha1_base64="Yzfk9mXhFreTkPWrvEbkVPexjRM=">AAACGXicbVA9SwNBFHznZ4xfUUubxSBYSLgTURtBsNAyolEhnrK3eTkXd/eO3XdCOPITbLXw19iJrZX/xk1M4dfAwjAzj2UmyZV0FIYfwdj4xOTUdGWmOjs3v7BYW1o+d1lhBbZEpjJ7mXCHShpskSSFl7lFrhOFF8nd4cC/uEfrZGbOqJdjrHlqZFcKTl46La6jm1o9bIRDsL8kGpE6jNC8WQrgqpOJQqMhobhz7SjMKS65JSkU9q8KhzkXdzzFtkIitDnP0W5qblNp9iNp4jLFTCPZXp9Vv8c9NVyji8thsz5b90qHdTPrnyE2VL9flFw719OJT2pOt+63NxD/89oFdffiUpq8IDTi66NuoRhlbDAT60iLglTPEy6s9M2YuOWWC1/HVf1m0e+F/pLzrUa004hOtusHR6P1KrAKa7ABEezCARxDE1ogIIUHeISn4Dl4CV6Dt6/oWDC6WYEfCN4/Aay2oAo=</latexit>

u1

<latexit sha1_base64="cMsLzFSPFQTBtH/f5MivtXlgtg0=">AAACGXicbVA9SwNBFHznZ4zfWtosBsFCwp2I2giChVYS0agQT9nbvJyLu3vH7jshHPkJtlr4a+zE1sp/4yam8GtgYZiZxzKT5Eo6CsOPYGR0bHxisjJVnZ6ZnZtfWFw6d1lhBTZFpjJ7mXCHShpskiSFl7lFrhOFF8ndQd+/uEfrZGbOqJtjrHlqZEcKTl46La6PbxZqYT0cgP0l0ZDUYIjGzWIAV+1MFBoNCcWda0VhTnHJLUmhsHdVOMy5uOMpthQSoc15jnZDc5tKsxdJE5cpZhrJdnus+j3uqeEaXVwOmvXYmlfarJNZ/wyxgfr9ouTaua5OfFJzunW/vb74n9cqqLMbl9LkBaERXx91CsUoY/2ZWFtaFKS6nnBhpW/GxC23XPg6ruo3i34v9Jecb9aj7Xp0slXbPxyuV4EVWIV1iGAH9uEIGtAEASk8wCM8Bc/BS/AavH1FR4LhzTL8QPD+Cd39oCc=</latexit>

uN

<latexit sha1_base64="Oul3QwWPdM3Lu26nOtAOBWEel0Y=">AAACHHicbVDJSgNBFHzjbtz16KUxCB4kzIioF0HwoEcFE4VkkJ7OS2ztZeh+I4Qh/+BVD36NN/Eq+Dd2Yg5uBQ1FVT2aqixX0lMcf0Rj4xOTU9Mzs5W5+YXFpeWV1Ya3hRNYF1ZZd5Vxj0oarJMkhVe5Q64zhZfZ3fHAv7xH56U1F9TLMdW8a2RHCk5BarTu25b89XI1rsVDsL8kGZEqjHB2vRJBq21FodGQUNz7ZhLnlJbckRQK+63CY87FHe9iUyERupzn6LY1d11pDhNp0rKLViO5Xp9VvscDNVyjT8thuT7bDEqbdawLzxAbqt8vSq697+ksJDWnG//bG4j/ec2COgdpKU1eEBrx9VGnUIwsGyzF2tKhINULhAsnQzMmbrjjItTxlbBZ8nuhv6SxU0v2asn5bvXoZLTeDKzDBmxBAvtwBKdwBnUQcAsP8AhP0XP0Er1Gb1/RsWh0swY/EL1/ArsgobA=</latexit>...
<latexit sha1_base64="Eme2PE5JZZNwM/vLWahqAdpwTQ8=">AAACGXicbVA9SwNBFHznt/ErammzGAQLCXciaiMIFloqGhXiEfY2787F3b1j950QjvwEWy38NXZia+W/cRNT+DWwMMzMY5lJCiUdheFHMDY+MTk1PTNbm5tfWFyqL69cury0AlsiV7m9TrhDJQ22SJLC68Ii14nCq+TuaOBf3aN1MjcX1Csw1jwzMpWCk5fO0w516o2wGQ7B/pJoRBowwmlnOYCbbi5KjYaE4s61o7CguOKWpFDYvykdFlzc8QzbConQFrxAu6W5zaQ5iKSJqwxzjWR7fVb7HvfUcI0urobN+mzDK12W5tY/Q2yofr+ouHaupxOf1Jxu3W9vIP7ntUtK9+NKmqIkNOLro7RUjHI2mIl1pUVBqucJF1b6ZkzccsuFr+NqfrPo90J/yeV2M9ptRmc7jcPj0XozsAbrsAkR7MEhnMAptEBABg/wCE/Bc/ASvAZvX9GxYHSzCj8QvH8CBregPw==</latexit>

f t {
Time

7

Information

What does each player know?

<latexit sha1_base64="73vuMa4EqleDcASvy2iMUkJ91jw="></latexit>

ui
t = ! i

t (?)

We’ll see this more later!

Looking for a Nash equilibrium where no player can unilaterally improve

Player “Strategy”

The fundamental building blocks: open-loop and feedback solutions 
to linear-quadratic games

How can we find approximate Nash feedback strategies  
that minimize inter-agent communication/sensing?

If agents’ access to information changes during an interaction,  
can we still find equilibria efficiently?

Can we extend classical results about the equivalence of open-loop 
and feedback solutions beyond the linear-quadratic setting?

8

Linear-quadratic (LQ) games

9



10 10

Player i

Linear state dynamics that also depend!
on all agents’ actions

Quadratic cost functions that depend 
on all agents’ actions

Types of information

Open-loop:
<latexit sha1_base64="hjBFk1M4Ox4PcoD0neouPf44t18="></latexit>

ui
t = ! i

t (x1)

Feedback:
<latexit sha1_base64="QsBbymjR0A4L4bxsYUED3yC1Ul0="></latexit>

ui
t = ! i

t (xt )

11

P1

P2

Origin

12

P1 wants P2 => origin

P2 wants => P1

Both want small controls



Feedback: green

• P1 knows that P2 will see it 

and go toward it

‣ So both => origin

P1

P2

Origin

12

P1 wants P2 => origin

P2 wants => P1

Both want small controls

Feedback: green

• P1 knows that P2 will see it 

and go toward it

‣ So both => origin

Open-loop: blue

• P1 knows P2 won’t ever see it 

again after t = 1 

‣ So P1 doesn’t want to do 

anything

‣ But P2 knows this and => P1

P1

P2

Origin

12

P1 wants P2 => origin

P2 wants => P1

Both want small controls

P1

P2

Origin

13

Feedback: green

• P1 knows that P2 will see it 

and go toward it

‣ So both => origin

Open-loop: blue

• P1 knows P2 won’t ever see it 

again after t = 1 

‣ So P1 doesn’t want to do 

anything

‣ But P2 knows this and => P1

P1 wants P2 => origin

P2 wants => P1

Both want small controls

“Closing the loop” in receding horizon  
is not the answer!

The open-loop Nash solution
• Open-loop strategy is a time-indexed sequence of control actions


• When Pi’s problem is convex, KKT conditions are necessary + sufficient
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Pi’s !
Lagrangian

Pi’s dynamics!
Lagrange multiplier (“costate”)

!  This is a linear system of equations!
The open-loop Nash solution

• A very sparse, highly-structured system of equations


• With some work… a recursive (Riccati-type) solution is
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What changes in the feedback case?
• Feedback strategies  must be in equilibrium…  

for the rest of the game, no matter the initial state or time 


• Classically, a dynamic programming solution via optimal cost-to-go

{ ui
t = ! i

t (xt)}
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t = ! i

t (xt)}
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Pi’s optimal!
cost-to-go from!
state  at time txt

Beginning at time t = T…
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Beginning at time t = T…
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Assuming Pi’s !
problem is convex!

Beginning at time t = T…
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Assuming Pi’s !
problem is convex!

We will find that Vi
t(xt) =

1

2
x!

t Zi
t xt

Moving back to time t = T - 1…

20 21

The first-order necessary conditions for Pi are…
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Jointly solving for all players yields…
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Rearranging the !
system of equations…
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Rearranging the !
system of equations…
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to determine feedback policies!
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…and finally

Rearranging the !
system of equations…
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This is the one we solve !
to determine feedback policies!

So, what changed? Same linear system?
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So, what changed? Same linear system?
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Cross-terms  were not !
present in the open-loop solution!

Rij
t

There are other di" erences too…

Ex. Polite behavior

25
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Ex. Polite behavior

• Politeness ~ caring about others’ effort

• In open-loop, this is impossible!

• In feedback, possible because of future 
state observations

25
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In feedback, this isn’t exactly 
the first-order condition!
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The fundamental building blocks: open-loop and feedback solutions 
to linear-quadratic games

How can we find approximate Nash feedback strategies  
that minimize inter-agent communication/sensing?

If agents’ access to information changes during an interaction,  
can we still find equilibria efficiently?

Can we extend classical results about the equivalence of open-loop 
and feedback solutions beyond the linear-quadratic setting?

26

Inter-agent sensing and communication 
cost precious energy!



Minimizing inter-agent dependencies
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Minimizing inter-agent dependencies
• Remember, feedback Nash strategies 

satisfied a linear equation at each t 
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Minimizing inter-agent dependencies
• Remember, feedback Nash strategies 

satisfied a linear equation at each t 

• Inter-agent dependence <=> block structure 
of agents’ policy matrices P
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Minimizing inter-agent dependencies
• Remember, feedback Nash strategies 

satisfied a linear equation at each t 

• Inter-agent dependence <=> block structure 
of agents’ policy matrices P
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Minimizing inter-agent dependencies

• To reduce inter-agent dependencies…


• penalize the group-L1 norm of P 
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This is a convex program and !
can be solved very e# ciently!
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As regularization gets larger, agents’ policies get sparser.

Number of nonzero 
blocks in each player’s 
policy matrix over time

The fundamental building blocks: open-loop and feedback solutions 
to linear-quadratic games

How can we find approximate Nash feedback strategies  
that minimize inter-agent communication/sensing?

If agents’ access to information changes during an interaction,  
can we still find equilibria efficiently?

Can we extend classical results about the equivalence of open-loop 
and feedback solutions beyond the linear-quadratic setting?

33

Overtaking on the highway forces agents 
to reason about information availability!



In linear-quadratic games…
Both open-loop and feedback Riccati solutions encode a cost-to-go as a 
quadratic function of state in the neighborhood of the equilibrium trajectory.
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In linear-quadratic games…

…and we can “stitch” 
these together 
whenever agents go 
in or out of view! 
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The fundamental building blocks: open-loop and feedback solutions 
to linear-quadratic games

How can we find approximate Nash feedback strategies  
that minimize inter-agent communication/sensing?

If agents’ access to information changes during an interaction,  
can we still find equilibria efficiently?

Can we extend classical results about the equivalence of open-loop 
and feedback solutions beyond the linear-quadratic setting?
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…actually, everything so far extends beyond LQ.

“The computation of approximate 
generalized feedback Nash equilibria,”!
SIAM Journal on Optimization, 2023.

“The computation of approximate 
generalized feedback Stackelberg 
equilibria in multiplayer nonlinear 

constrained dynamic games,”!
SIAM Journal on Optimization, 2024.

In these non-LQ problems…

39

FeedbackOpen-loop

(in nonconvex settings)

(in nonconvex settings)



When to bother with feedback solutions, anyway?

• In general-sum games, solutions can differ 
=> so, should compute feedback if possible
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feedback

open-loop
• But, in zero-sum games?

Classical results (LQ)

• For convex-concave zero-sum LQ games, a unique FBNE exists and its 
open-loop realization is also a (not necessarily unique) OLNE. 


• While the existence of a unique OLNE implies the existence of a unique 
FBNE in a two-agent zero-sum LQ game, the converse is not true. 
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Thus, when they both exist, a unique OLNE and a unique FBNE generate 
the same state trajectory in a two-agent zero-sum LQ game.



Classical results (beyond LQ)

• For a zero-sum dynamic game, if a strongly unique FBNE and an OLNE 
exist, then the OLNE is unique and generates the same state trajectory as 
the FBNE. 


• On the other hand, if a strongly unique OLNE and a FBNE exist for the 
game, then the two also give the same state trajectory.
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These assume uniqueness! !
In nonconvex settings we never have this…

New results for local solutions

43

Pi’s cost at Nash

First-order necessary condition:


gradient of Pi’s Lagrangian wrt  
Pi’s decision variables is 0

Second-order sufficient condition:


Hessian of Pi’s Lagrangian wrt  
Pi’s decision variables is positive definite 
when restricted to Pi’s critical cone

New results for local solutions

44
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New results for local solutions

• Any local FBNE also satisfies the first-order necessary conditions for a 
local OLNE of the game, and vice versa.

• Any local FBNE trajectory also satisfies the second-order necessary 
conditions for a local OLNE. Further, a local FBNE trajectory satisfying 
feedback second-order sufficiency conditions is a local OLNE.

• In the presence of additional constraints on agents’ control variables, any 
local FBNE satisfying strict complementarity still satisfies the first-order 
necessary conditions for a local OLNE of the game, and vice versa.
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Dynamic games are flexible models of interaction!
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Dynamic games are flexible models of interaction!

Information structure is (at least to me) the most interesting  
and underexplored part of game theory.

Even though these games have been studied for decades,  
there are still exciting results out there!
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Thank you! Questions?
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