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Single-agent:
model predictive control

Multi-agent:
model predictive gameplay
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dynamic feasibility

initial condition
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Agent 3

Agent 1’s problem

Agent 2’s problem

Agent 3’s problem

Multi-agent:
model predictive gameplay

Key ingredients of a dynamic game
( Objectives \

What does each player want?
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Key ingredients of a dynamic game
r Rules \ ( Objectives \ r Information \

What does each player know?

What does each player want?

ul P;ger “Strategy”
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Key ingredients of a dynamic game
( Rules \ r Objectives \ ( Information \

What does each player know?

What does each player want?

1 Player “Strategy”
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We’ll see this more later!
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# Looking for a Nash equilibrium where no player can unilaterally improve
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The fundamental building blocks: open-loop and feedback solutions

to linear-quadratic games

Linear-quadratic (LQ) games
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Quadratic cost functions that depend
on all agents’ actions
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Linear state dynamics that also depend
on all agents’ actions

Types of information
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Feedback: u = 7} (x¢)

Open-loop: i = i (1)

P1 wants P2 => origin

P2 wants => P1
Both want small controls
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P1 wants P2 => origin
P2 wants => P1
Both want small controls

Feedback: green
* P1 knows that P2 will see it
and go toward it

/@
» So both => Ol’igin Origin

/P1

“Closing the loop” in receding horizon
is not the answer!

P1 wants P2 => origin
P2 wants => P1
Both want small controls

Feedback: green
¢ P1 knows that P2 will see it
and go toward it 10
» So both => origin b,
Open-loop: blue
¢ P1 knows P2 won'’t ever see it
again after t = 1
> So P1 doesn’t want to do
anything
» But P2 knows this and => P1

/-P1

The open-loop Nash solution

* Open-loop strategy is a time-indexed sequence of control actions

* When Pi’s problem is convex, KKT conditions are necessary + sufficient




The open-loop Nash solution

« Open-loop strategy is a time-indexed sequence of control actions

* When Pi’s problem is convex, KKT conditions are necessary + sufficient

Pi’s
Lagrangian
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Pi’s dynamics
1 Lagrange multiplier (“costate”)
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> This is a linear system of equations!

The open-loop Nash solution

* A very sparse, highly-structured system of equations

* With some work... a recursive (Riccati-type) solution is




The open-loop Nash solution

« A very sparse, highly-structured system of equations

« With some work... a recursive (Riccati-type) solution is

M= Qi+ AT M} A7 Ay, My = QF

X1 =| Ay Ay
. o
up = —(RY) "Bt |Mi 1 x41

. 3 R Sl
A= A1+ 3 sl
j=1

What changes in the feedback case?

+ Feedback strategies {ut‘ = y,f(xt)} must be in equilibrium...
for the rest of the game, no matter the initial state or time

* Classically, a dynamic programming solution via optimal cost-to-go

What changes in the feedback case?

« Feedback strategies {uti = y,i(x,)} must be in equilibrium...
for the rest of the game, no matter the initial state or time

¢ Classically, a dynamic programming solution via optimal cost-to-go
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Beginning at time t=T...

0
i . Mgsp Al iTpii,j ’:_A_\
Vi(xr) = xmn::!_ i(xT Qrxr + z up RTMT) + Vi1 (%141)
T+1.Mp j=1

.
= =x; Q% xr, with
2 SR

Zr

v (xr) = 0.




Beginning at time t=1T...
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Beginning attime t=T...
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Assuming Pi’s
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Moving backtotimet=T- 1...
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The first-order necessary conditions for Pi are...
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So, what changed? Same linear system?
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So, what changed? Same linear system?
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Cross-terms Rff were not
present in the open-loop solution!
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There are other differences too...
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« Politeness ~ caring about others’ effort
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Ex. Polite behavior

« Politeness ~ caring about others’ effort Suppose J* = J'(x,ul) + |u?|

* In open-loop, this is impossible!
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Ex. Polite behavior

dynamics
« Politeness ~ caring about others’ effort Suppose J' = J! (%, ul) + Hu2|| constraint

* In open-loop, this is impossible! 0= v{x,Lﬂ}J1 + AlTV{x,ul} (x,u)
= Vixu} ' + Vo

+ AlTV{qul}F(Xfu)

25




Ex. Polite behavior

dynamics
« Politeness ~ caring about others’ effort Suppose J' = J'(x,u') + |u?| constraint
1 1T
* In open-loop, this is impossible! 0= v{x,ul}J +A v{x,ul} (x,u)
_ 71 3
« In feedback, possible because of future - V{x*‘“ }J +V AT H
state observations + )\ITV{X u} F(x, )
In feedback, this isn’t exactly
the first-order condition!
25 26

Inter-agent sensing and communication
cost precious energy!




Minimizing inter-agent dependencies

Pt1
P 2
S| !

Py
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Minimizing inter-agent dependencies

* Remember, feedback Nash strategies P} BTZ} A

satisfied a linear equation at each t

Py BT ZE Ay
R N .

PN BNTZN A

Minimizing inter-agent dependencies

* Remember, feedback Nash strategies Ptl
satisfied a linear equation at each t p?
St )

* Inter-agent dependence <=> block structure

.N
of agents’ policy matrices P P
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Minimizing inter-agent dependencies

* Remember, feedback Nash strategies Pl BT ZL A

satisfied a linear equation at each t

* Inter-agent dependence <=> block structure

of agents’ policy matrices P

V(@) = ui" = —Plx

Pl =

il
Pt

5 P? BT Z}2 1 Ay
t N = .

PN | BNTZN . A,
sz . PtiN

matrix multiplying P2’s state variables
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Minimizing inter-agent dependencies

» To reduce inter-agent dependencies...
Pti _ Pt“ Ptlz .. PtiN
* penalize the group-L1 norm of P

Minimizing inter-agent dependencies

» To reduce inter-agent dependencies...
Ptl — Ptzl PtiZ . PtzN
* penalize the group-L1 norm of P

minimize [|S;P; — Y||% + Z NP || g

i#]
This is a convex program and
can be solved very efficiently!
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As regularization gets larger, agents’ policies get sparser.

3
S

ours; regularized policy P, (sparse) unregularized policy P, (dense)
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If agents’ access to information changes during an interaction,
can we still find equilibria efficiently?

Overtaking on the highway forces agents
to reason about information availability!




In linear-quadratic games...

Both open-loop and feedback Riccati solutions encode a cost-to-go as a
quaderatic function of state in the neighborhood of the equilibrium trajectory.
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In linear-quadratic games...

Both open-loop and feedback Riccati solutions encode a cost-to-go as a
quadratic function of state in the neighborhood of the equilibrium trajectory.

open-loop X1 = Ay Agx M =0} + A M A Ay, Mp = QF
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In linear-quadratic games...

Both open-loop and feedback Riccati solutions encode a cost-to-go as a
quadratic function of state in the neighborhood of the equilibrium trajectory.

open-loop X1 = A7 Ay M= Qi+ A M, A AL M= QY

“F i —(RF.‘.) IBFTM'-+|1':-1

] i N . == .2
A= Miaxia A =1+ Y BRI 1B M|
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In linear-quadratic games...

Both open-loop and feedback Riccati solutions encode a cost-to-go as a
quadratic function of state in the neighborhood of the equilibrium trajectory.

[Mi]e Qi+ AT Mi, 107 Ay Mr = QF
N 3o i = a
Ar=I1+Y B/(R)) B} M],,
Jm=1

M o
i JT  pii
—QJTNEPT REPry
=

+: (Af'--l = i B:;—lp'j -1} I Zy (A'-"-l = i 'B:;'—lp'i -1)
= =

open-loop X1 = AT A
uf = —(RE) B M e

feedback Vi(ze) = %JJL
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In linear-quadratic games...

Visiility Peniod Occuded Period 0 = 2,1 = 2
0,.03 € Tg 02,04 € To L t=T
. & -,
...and we can “stitch” :

these together b 4 N e 04
whenever agents go f=1 @ b=l @ 0,
in or out of view! (o}
Oz
{Zi.C{heo,  {M].mi}ico, {Z}, ¢ }ieos {M}.mi}co,
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Can we extend classical results about the equivalence of open-loop

and feedback solutions beyond the linear-quadratic setting?

37

...actually, everything so far extends beyond LQ.

In these non-LQ problems...

Open-loop Feedback

= &

“The computation of approximate
generalized feedback Nash equilibria,”
SIAM Journal on Optimization, 2023.

“The computation of approximate
generalized feedback Stackelberg
equilibria in multiplayer nonlinear
constrained dynamic games,”
SIAM Journal on Optimization, 2024.

Simpler to compute
(in nonconvex settings)

Players commit to strategy early on

Can encode more "complex” strategies

More complicated to compute
(in nonconvex settings)
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When to bother with feedback solutions, anyway?

« In general-sum games, solutions can differ
=> s0, should compute feedback if possible

40

When to bother with feedback solutions, anyway?

* In general-sum games, solutions can differ
=> so, should compute feedback if possible

¢ But, in zero-sum games?

Classical results (LQ)

« For convex-concave zero-sum LQ games, a unique FBNE exists and its
open-loop realization is also a (not necessarily unique) OLNE.

« While the existence of a unique OLNE implies the existence of a unique
FBNE in a two-agent zero-sum LQ game, the converse is not true.
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Classical results (LQ)

» For convex-concave zero-sum LQ games, a unique FBNE exists and its
open-loop realization is also a (not necessarily unique) OLNE.

» While the existence of a unique OLNE implies the existence of a unique
FBNE in a two-agent zero-sum LQ game, the converse is not true.

Thus, when they both exist, a unique OLNE and a unique FBNE generate
the same state trajectory in a two-agent zero-sum LQ game.
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Classical results (beyond LQ)

¢ For a zero-sum dynamic game, if a strongly unique FBNE and an OLNE
exist, then the OLNE is unique and generates the same state trajectory as
the FBNE.

¢ On the other hand, if a strongly unique OLNE and a FBNE exist for the
game, then the two also give the same state trajectory.
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Classical results (beyond LQ)

* For a zero-sum dynamic game, if a strongly unique FBNE and an OLNE
exist, then the OLNE is unique and generates the same state trajectory as
the FBNE.

* On the other hand, if a strongly unique OLNE and a FBNE exist for the
game, then the two also give the same state trajectory.

These assume uniqueness!
In nonconvex settings we never have this...
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New results for local solutions

First-order necessary condition:

gradient of Pi’s Lagrangian wrt
Pi’s decision variables is 0

Second-order sufficient condition:

Hessian of Pi’s Lagrangian wrt
Pi’s decision variables is positive definite

when restricted to Pi’s critical cone Pi’s cost at Nash

43

New results for local solutions
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New results for local solutions New results for local solutions

* Any local FBNE also satisfies the first-order necessary conditions for a * Any local FBNE also satisfies the first-order necessary conditions for a
local OLNE of the game, and vice versa. local OLNE of the game, and vice versa.

* Any local FBNE trajectory also satisfies the second-order necessary
conditions for a local OLNE. Further, a local FBNE trajectory satisfying
feedback second-order sufficiency conditions is a local OLNE.
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New results for local solutions

* Any local FBNE also satisfies the first-order necessary conditions for a
local OLNE of the game, and vice versa.

* Any local FBNE trajectory also satisfies the second-order necessary
conditions for a local OLNE. Further, a local FBNE trajectory satisfying
feedback second-order sufficiency conditions is a local OLNE.

* In the presence of additional constraints on agents’ control variables, any

local FBNE satisfying strict complementarity still satisfies the first-order
necessary conditions for a local OLNE of the game, and vice versa.
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Dynamic games are of interaction!

Dynamic games are of interaction!

structure is (at least to me) the most interesting
and underexplored part of game theory.

Even though these games have been studied for decades,
there are !

Dynamic games are of interaction!

structure is (at least to me) the most interesting
and underexplored part of game theory.

Thank you! Questions?
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