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Uncertainty and data in modern multi-agent systems
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ﬁ Pandey et al., “On the needs for Maa$S
platforms to handle competition in
ridesharing mobility”, Transportation
Research 2019

e Statistics underlying the uncertainty is tipically unknown

. . .. Source: ChatGPT
® Information available through limited data samples
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This talk

ﬁ Fabiani, Franci, “Finite-sample guarantees for data-driven
forward-backward operator methods”, IEEE TAC 2026 (In press)

@ Fabiani, Franci, “Certifying c-equilibria in stochastic games with limited
data availability”, EJC Special Issue of 2026 ECC (under review)

Prof. B. Franci
Politecnico di Torino
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Stochastic Nash games

* N autonomous agents (or decision-makers)
* Each agent i has decision variable (or strategy) ;
® Each agent i has its local cost J;(-,x_;,£), constraints €,

® £ € = is a random variable with unknown statistics

(EZ'GQZ'

min  Ep[J;(z;, 2_;,)]
Vi:
st. g(zi,z_;) <0

We call * a stochastic generalized Nash equilibrium if, for all 4,

Ji(zf, x%;) < y_emin Ji(yi, 2%
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A modern approach to S(G)NE seeking

Under assumptions, one can look for &* s.t., for some A >0,
Vi:0e€Ep Vo, Ji (2], 27, )] + N, (2]) + Va9 (27, 27,)" A
0 ¢ Nioy(N) - g(*)

This turns the S(G)NE seeking into a zero-finding problem:

F(x) + No(x) + Veg(x)™A

0eT(x,A)= Nr.,(\) - g(x)

e Suitable splitting 7 = A + B = Different iterative schemes for z*

® Approximation methods for [ based on data samples §(j)
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Main features and potential limitations

(Bot, 2021) (Fabiani, 2022) (Franci, 2021) (Franci, 2021) (Gower, 2020) (Franci, 2020) (Franci, 2025) (lusem, 2017)

Alg. type FBF Tik RFB RFB VRG FB LEG EG
Sample(s) N 1 Ny 1 1+ NBy(p) Ny 1+ NB(p) Ny
Convergence k= o0 k= o0 k= oo k= o0 k= o0 k= o0 k= o0 k= o0
Equilibrium SNE SGNE SGNE SNE NE* SGNE SGNE* SGNE

e All algorithms enjoy convergence to an exact S(G)NE

® |n all cases, an infinite number of samples is required

Practical problem considered

Spoiler alert: We certify e-convergence to &* and compute ¢!
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A cooking-inspired illustration

STABLE ALGORITHM | | UNSTABLE ALGORITHM |

Change one ingredient slightly,

the result hardly changes. Almost
‘same taste

Change one ingredient slightly,

the result changes dramatically. Q
Very

different taste

Source: ChatGPT
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More formally
Given a collection of i.i.d. data samples D, = {£()}5_,, define set:

Di = {5(1)’ L EUD g Gl ,5(5)}

e Algorithm A returns some hypothesis H = A(D;)

* Performance are measured by a loss function ((H, &)

Definition (Uniform stability)

== Changing one sample does not significantly alter the
output of the algorithm w.r.t. to the metric ¢!
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Exponential bound for uniformly stable algorithms
Attached to a loss function ¢, we have two performance measures:

Generalization error Empirical error

r(A,s) = Ep[{(H,¢)] (A, 8) = { X ((H, D)

Theorem (Kutin, 2002)

== Design of loss function ¢ is crucial!
® “Meaningful”, independent on unknown quantities (e.g., *)
@® Guarantee [ o< 1/s uniform stability
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The data-driven iterative scheme

1" ezer(T) < z* €zer(A+ B)
* Max. monotone A is cheap, but B is unknown (e.g., )
* Noisy oracle gives measures of B through D, i.e., O(:,£))

¢ O is unbiased and inherits the properties possessed by B

Data-driven FB

* Run for K iterations, return hypotesis w®+*! = col(yX, x5+1)

* Interested in: zer.(A+ B)={z:3z € A(z) s.t.|z+B(z)|| <&}
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A certificate independent on K
® Loss function ¢(H,§) = |z —vO(z, &) -y

® B is u-strongly monotone and k-Lipschitz continuous

Lemma

Theorem

Intuition: 0= |J,4(z* —vB(2*)) —2*| < |J,a(aX —yB(z5H)) - a5+
- <Ep[U(H,§)]=r(A,s)
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Stochastic Nash game: PEVs charging coordination

® Minimize day-ahead charging schedule:
Ji(zi,0(x)) = |24
Qi = {[Ifl e RT: X; € [O,Ei]T, 1;[[1 > Q}

2+ la+ §a+ [o(@) - 5,

e Stochastic cost of electricity £ with unknown statistics

* Historical samples £(9) taken from entsoe.eu

Iteration k: Agent 7 receives w’fi, then updates

S

xk+1 - prOJQ (‘rk Z vrp]l('r —z? 5(])))
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https://transparency.entsoe.eu/market/energyPrices

Stochastic Nash game: PEVs charging coordination (+)
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A weaker assumption yields a K-dependent certificate
* Loss function ((H,¢&) = | = vO(z, &) -y
* B is H-cocoercive, 6 > 0, and ~y € (0,260)

Lemma

Theorem
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An example beyond stochastic games

¢ Solve minimization problem with P > 0 and convex X

1 _
min ¢'z + ~2"Pr < 0eq+ Pr+Ny(x)
reX 2 —— —,—
=B(x) =A(z)
o P=1(P+PT) is the symmetric part of P
* From (Bauschke, 2016), B is (1/Amax(P))-cocoercive

* Samples are perturbed matrices P + diag(£())

K 100 500 1000 5000 10000
avg(||lzXt —2*|) 044 0.02 0.001 0.001 0.001
avg(e) 049 085 129 237  3.67
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Main considerations

Advantages

¢ Bounds require i.i.d. data only, independent from D, and P
* A-posteriori, easy-to-compute (for tailored losses)
e Certificate € vanishes as O(s71/2)

* Generalizaton of SGD in optimization (Hardt, 2016)
Limitations
* Carefull choice of the loss function ¢

* Bounds are not tight in practice (and not expected to be...)
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Including penality terms for SGNE seeking

Vi: mﬂi%n Ji (zi,2) + ¢(x)
ZT;€ g

—oXty log (=g.(x)), g(x)<0

with barrier function ¢(x) = :
+00, otherwise

x — ¢(x) is convex, C? = V¢, (x) monotone, ¢,-Lipschitz

0> 0 small to obtain SGNE x* € zer(F(x) + V¢ (x))

=B(x)

Noisy oracle gives measures of B through D;, i.e., O(-,£())

O is unbiased and inherits the properties possessed by F
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Data-driven extragradient method

Iteration £: Agent ¢

® Receives ¥, then updates

—q1

Cnlq

Zs: Ijmf(]))

g=1
: k
® Receives y”,, then updates

k+1

Cn|\3

* Run for K iterations, return hypotesis col(y®, x%+1)

* Set of interest: zer.(B) = {x e X : |B(x)| <e}
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Uniform stability of the EG scheme
* Loss function ((H, &) = | = vO(z,§)|

® B is pu-strongly monotone and k-Lipschitz continuous

Lemma

min -
7ve(0,2p/K2) 7

s.t. (I+vr)p+yr <1
p=\1=2yp+7k?

0
50
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Uniform stability of the EG scheme
* Loss function ((H,&) = | = vO(z,§)|

® B is u-strongly monotone and k-Lipschitz continuous

Lemma

Theorem
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A toy example

® 20 agents, scalar decision variable x;
L COSt JZ(.’E“ .’.U,i,é) = aixf + (bz + f)ﬂj‘l + (ij» ci,jxj)a:i
* Local and coupling linear constraints X = {x ¢ R : Gz < p}

® £~ N(-1,0.2), other parameters are randomly generated
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Conclusion & Outlook

Take-home messages
¢ Algorithmic stability offers general purpose tools

— Minimum requirements on the available dataset

— Suitable for both static and iterative algorithms

e Stronger assumptions on the operator == better bounds

* If s > 00, € > 0 = recovering exact convergence to S(G)NE

Possible research directions

* Randomized versions (to avoid averaging over s samples)

e Other operator splitting methods, e.g., FBF, DR, ...
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Thanks for your attention!
Questions?

™ filippo.fabiani@imtlucca.it
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